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1 Description

Figure 1: Five Fingered Metamorphic Hand.

The KCL five fingered metamorphic hand, shown in Fig. 1, comprises of
a metamorphic palm and five fingers. Each finger is very simple, just some
links connected by revolute joints whose axes are parallel. The interesting
part is the palm. It is a spherical five-bar linkage. It is made out of five links
in a circular configuration with every joint axis zi passing through the centre
of the sphere, as shown in Fig. 2.

Of the five joints θi on the palm, only θ1 and θ5 are actuated. The
remaining joints, θ2, θ3 and θ4 are rotating freely, based on the constraints
imposed by the geometry of the spherical linkage. Each finger is actuated by
only one tendon and move on it’s own finger operation plane, as shown in
Fig. 3.

2 Palm Kinematics

The coordinates of the points A, B, C, D and E as well as joint angles θ2,
θ3 and θ4 should be computed first. We start by assuming that point E is
pE = [0, 0, 1]. Then the coordinates of points A, B and D are computed
from the known and actuated joint angles θ5 and θ1. Then, angle θ3 can be
computed by applying the cosine law for spherical triangles on the triangle
4BCD. Computing angle θ4 can be done by adding together angles 6 EDB,
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Figure 2: Metamorphic Palm and Finger Attachment Points.

6 BDC and subtracting π. Angle θ3 can be computed in a similar way, by
adding 6 ABD, 6 DBC and subtracting π. This indicates that the distance
‖BD‖ has to be computed.

2.1 Angles α1 to α5

The values for the angles α1 to α5 are as follows:

α1 = 25° (1)

α2 = 40° (2)

α3 = 70° (3)

α4 = 112° (4)

α5 = 113° (5)

2.2 Points A, B, D, E

The coordinates for points A, B, D and E can be computed by performing
the rotations described in equations 6, 7, 8 and 9.
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Figure 3: Finger Operational Planes.

pA = R(y5, α5) k (6)

pB = R(y5, α5) R(z1, θ1) k (7)

pD = R(z5,−θ5) R(y4,−α4) k (8)

pE =

 0
0
R

 (9)

2.3 Joint Angles θ2, θ3, θ4

First, the distance ‖BD‖ and the angle αbd are computed.
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bd = pb − pd (10)

‖BD‖ =
√
bd′ bd (11)

αBD = arccos

(
1− ‖BD‖

2

2

)
(12)

Then, θ3 is computed by the spherical law of cosines.

6 BCD = arccos

(
cosαBD − cosα2 cosα3

sinα2 sinα3

)
(13)

θ3 = 6 BCD − π (14)

Next, αBE is computed and then used to compute θ4.

be = pb − pe (15)

‖BE‖ =
√
be′ be (16)

αBE = arccos

(
1− ‖BE‖

2

2

)
(17)

By using αBE, θ4 is computed.

6 EDB = arccos

(
cosαBE − cosα4 cosαBD

sinα4 sinαBD

)
(18)

6 BDC = arccos

(
cosα2 − cosα3 cosαBD

sinα3 sinαBD

)
(19)

θ4 = ( 6 EDB + 6 BDC)− π (20)

Finally, αAD is computed and then used to compute θ3. It must be noted
that the angles of a spherical triangle don’t add up to π. Because of this
fact, angle θ3 has to be computed in the same fashion as angles θ2 and θ4.

ad = pa − pd (21)

‖AD‖ =
√
ad′ ad (22)

αAD = arccos

(
1− ‖AD‖

2

2

)
(23)
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By using αAD, θ4 is computed.

6 ABD = arccos

(
cosαAD − cosα1 cosαBD

sinα1 sinαBD

)
(24)

6 DBC = arccos

(
cosα3 − cosα2 cosαBD

sinα2 sinαBD

)
(25)

θ2 = π − (6 ABD + 6 DBC) (26)

2.4 Point C

Point C can now be located in two different ways. One way is to move in a
clockwise direction (E to D to C) and the other way is to move in a counter
clockwise direction (E to A to B to C). The first way is chosen since it is
the least computationally intensive. One can use both ways and see if the
equations produce the same coordinates in order to verify their correctness.

pC = R(z5,−θ5) R(y4,−α4) R(z4,−θ4) R(y3,−α3) k (27)

3 MCP Joints

After determining angles θ2, θ3 and θ4 from equations 26, 14 and 20, the
points the fingers attach to the palm, as depicted in Fig. 4 have to be deter-
mined.

Angles δ1 to δ5 determine points F1 to F5 where each MCP joint attaches
on the palm and angles γ2 to γ5 are determined and fixed so that each finger,
except for the thumb, is parallel and co-linear with the arm. γ1 is 0.
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Figure 4: MetaCarpoPhalangeal Joints.

3.1 Angles δ1 to δ5

The values of the angles δ1 to δ5 are given by equations 28, 29, 30, 31 and
32.

δ1 = α2
1

2
(28)

δ2 = α3
1

4
(29)

δ3 = α4
1

7
(30)

δ4 = α4
3

7
(31)

δ5 = α4
5

7
(32)

7



3.2 Angles γ1 to γ5

The values of the angles γ1 to γ5 are given by equations 34, 34, 35, 36 and
37.

γ1 = 0 (33)

γ2 = −δ2 − (α4 −
π

2
) (34)

γ3 = δ3 − (α4 −
π

2
) (35)

γ4 = δ4 − (α4 −
π

2
) (36)

γ5 = δ5 − (α4 −
π

2
) (37)

3.3 Points Fi and Mi

In order to obtain the coordinates that describe the MCP joints, the homo-
geneous transform matrices to points Fi need to be determined.

RF1 = R(y5, α5) R(z1, θ1) R(y1, α1) R(z2, θ2) R(y2, δ1) (38)

RF2 = R(z5,−θ5) R(y4,−α4) R(z4,−θ4) R(y3, δ2) (39)

RF3 = R(z5,−θ5) R(y4,−(α4 − δ3)) (40)

RF4 = R(z5,−θ5) R(y4,−(α4 − δ4)) (41)

RF5 = R(z5,−θ5) R(y4,−(α4 − δ5)) (42)

After obtaining the rotation matrices RFi
, the coordinates of points Fi

are easily obtained by eq. 43.

fi = RFi
k (43)

Then, the homogeneous transform matrices for points Fi are given by eq.
44.

DFi
=

[
RFi

RFi
k

0 1

]
(44)

Next, matrices DFi
are multiplied by the homogeneous transform matrix

DFMi
given by eq. 45.
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DFMi
=


cos γi 0 − sin γi −ai0 sin γi

0 1 0 0
sin γi 0 cos γi ai0 cos γi

0 0 0 1

 (45)

The homogeneous transform matrices to points M1 to M5 are given by
eq. 46 and eq. 47.

DM1 = DF1 DFM1 D10 (46)

DMi
= DFi

DFMi
(47)

where

D10 =


cos θ10 − sin θ10 0 0
sin θ10 cos θ10 0 0

0 0 1 0
0 0 0 1

 (48)

Finally, the coordinates for the points M1 to M5 can be computed from
eq. 49.

[
ri0
0

]
= DMi


0
0
0
1

 (49)
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Appendices

Appendix A MATLAB® Code

1 hold off
2 clear all
3 clc
4 syms R real
5 syms alpha1 alpha2 alpha3 alpha4 alpha5 real
6 syms theta1 theta2 theta3 theta4 theta5 real
7 syms a11 a12 a13 a21 a22 a23 a31 a32 a33 real
8 syms theta11 theta12 theta13 theta21 theta22 theta23 ...

theta31 theta32 theta33 real
9 syms g1 g2 g3 g4 g5 real

10 syms a10 a20 a30 a40 a50 real
11 syms d1 d2 d3 d4 d5 real
12 %% Palm Geometry
13 q = pi/180;
14 % Palm radius
15 R = 1;
16

17 % Palm input angles
18 theta1 = 10 * q;
19 theta5 = 10 * q;
20

21 % Palm link angles
22 alpha1 = 25 * q;
23 alpha2 = 40 * q;
24 alpha3 = 70 * q;
25 alpha4 = 112 * q;
26 alpha5 = 113 * q;
27

28 %% Finger Geometry
29 % MCP joint length
30 a10 = 0.1;
31 a20 = 0.1;
32 a30 = 0.1;
33 a40 = 0.1;
34 a50 = 0.1;
35

36 % MCP joint on palm vector angle
37 d1 = alpha2/2;
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38 d2 = alpha3*1/4;
39 d3 = alpha4*1/7;
40 d4 = alpha4*3/7;
41 d5 = alpha4*5/7;
42

43 % MCP joint to palm angle
44 g1 = 0;
45 g2 = −d2 − alpha4 + 90*q;
46 g3 = d3 − (alpha4 − 90*q);
47 g4 = d4 − (alpha4 − 90*q);
48 g5 = d5 − (alpha4 − 90*q);
49

50 % Finger link length
51 a11 = 0.5;
52 a12 = 0.5;
53 a13 = 0.5;
54 a21 = 0.5;
55 a22 = 0.5;
56 a23 = 0.5;
57 a31 = 0.5;
58 a32 = 0.5;
59 a33 = 0.5;
60

61 % Finger angle
62 theta11 = 0;
63 theta12 = 0;
64 theta13 = 0;
65 theta21 = 0;
66 theta22 = 0;
67 theta23 = 0;
68 theta31 = 0;
69 theta32 = 0;
70 theta33 = 0;
71

72 %% Palm Joint Coordinates (Points A, B, D and E)
73 % Z−axis Unit Vector
74 z = [0; 0; 1];
75 % Z−axis Vector including palm radious.
76 k = [0; 0; R];
77

78 % Rotation matrices, counter clockwise
79 [¬, RY1 ccw, RZ1 ccw] = Rotation(0, alpha1, theta1);
80 [¬, RY5 ccw, ¬]=Rotation(0, alpha5, 0);
81 % Rotation matrices, clockwise
82 [¬, RY4 cw, ¬] = Rotation(0, −alpha4, 0);
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83 [¬, RY3 cw, ¬] = Rotation(0, −alpha3, 0);
84 [¬, ¬, RZ5 cw] = Rotation(0, 0, −theta5);
85

86 % Palm joint coordinates
87 pa ccw = RY5 ccw * k;
88 pb ccw = RY5 ccw * RZ1 ccw * RY1 ccw * k;
89 pd cw = RZ5 cw * RY4 cw * k;
90 %pd ccw = RY5 ccw * RZ1 ccw * RY1 ccw * RZ2 ccw * RY2 ccw ...

* RZ3 ccw * RY3 ccw * k;
91 pe = k;
92

93 %% Joint Angles th2 and th4
94 ca1 = cos(alpha1);
95 ca2 = cos(alpha2);
96 ca3 = cos(alpha3);
97 ca4 = cos(alpha4);
98 ca5 = cos(alpha5);
99

100 sa1 = sin(alpha1);
101 sa2 = sin(alpha2);
102 sa3 = sin(alpha3);
103 sa4 = sin(alpha4);
104 sa5 = sin(alpha5);
105

106 BD v = pb ccw − pd cw;
107 BD = sqrt(BD v' * BD v);
108 cBD = 1 − BDˆ2 / 2;
109 bd = acos( cBD );
110 sBD = sin(bd);
111

112 bcd = acos( (cBD − ca2*ca3) / (sa2 * sa3) );
113 theta3 = bcd − pi;
114

115 BE v = pb ccw − pe;
116 BE = sqrt( BE v' * BE v );
117 cBE = 1 − BEˆ2 / 2;
118 be = acos( cBE );
119 sBE = sin( be );
120

121 edb = acos( (cBE − ca4*cBD) / (sa4 * sBD) );
122 bdc = acos( (ca2 − ca3*cBD) / (sa3 * sBD) );
123

124 theta4 = (edb + bdc) − pi;
125

126 %
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127 % Theta2 needs some work
128 %
129 AD v = pa ccw − pd cw;
130 AD = sqrt(AD v' * AD v);
131 cAD = 1 − ADˆ2 / 2;
132 ad = acos( cAD );
133 sAD = sin( ad );
134

135 abd = acos( (cAD − ca1*cBD) / (sa1*sBD) );
136

137 dbc = acos( (ca3 − ca2*cBD) / (sa2*sBD) );
138

139 theta2 = −((abd + dbc) − pi);
140

141 %calc cont
142 [¬, RY2 ccw, RZ2 ccw] = Rotation(0, alpha2, theta2);
143

144 [¬, ¬, RZ4 cw]=Rotation(0, 0, theta4);
145

146 pc ccw = RY5 ccw * RZ1 ccw * RY1 ccw * RZ2 ccw * RY2 ccw * k;
147 pc cw = RZ5 cw * RY4 cw * RZ4 cw * RY3 cw * k;
148

149 % verify th4 and th2
150 [¬, RY2 cw, RZ3 cw] = Rotation(0, −alpha2, theta3);
151 pb cw = RZ5 cw * RY4 cw * RZ4 cw * RY3 cw * RZ3 cw * ...

RY2 cw * k;
152

153 [¬, RY3 ccw, RZ3 ccw] = Rotation(0, alpha3, −theta3);
154 pd ccw = RY5 ccw * RZ1 ccw * RY1 ccw * RZ2 ccw * RY2 ccw * ...

RZ3 ccw * RY3 ccw * k;
155

156

157 %% Finger Origins (Points Mi)
158 % Rotation matrices for location on palm
159 [¬, RY4f5 cw, ¬] = Rotation(0, −(alpha4−d5), 0);
160 [¬, RY4f4 cw, ¬] = Rotation(0, −(alpha4−d4), 0);
161 [¬, RY4f3 cw, ¬] = Rotation(0, −(alpha4−d3), 0);
162 [¬, RY3f2 cw, ¬] = Rotation(0, −d2, 0);
163 [¬, RY2f1 ccw, ¬] = Rotation(0, d1, 0);
164

165 % finger #1 (Thumb)
166 RF1 = RY5 ccw * RZ1 ccw * RY1 ccw * RZ2 ccw * RY2f1 ccw;
167 DF1 = [RF1 RF1*k; 0 0 0 1];
168 DFM1 = [cos(g1) 0 −sin(g1) −a10*sin(g1);...
169 0 1 0 0;...
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170 sin(g1) 0 cos(g1) a10*cos(g1);...
171 0 0 0 1];
172 DM1 = DF1*DFM1;
173 r10 = DM1*[0;0;0;1];
174 r10 = r10(1:3,1);
175 r11 = RF1*k;
176

177 % finger #2 (Index)
178 RF2 = RZ5 cw * RY4 cw * RZ4 cw * RY3f2 cw;
179 DF2 = [RF2 RF2*k; 0 0 0 1];
180 DFM2 = [cos(g2) 0 −sin(g2) −a20*sin(g2);...
181 0 1 0 0;...
182 sin(g2) 0 cos(g2) a20*cos(g2);...
183 0 0 0 1];
184 DM2 = DF2*DFM2;
185 r20 = DM2*[0;0;0;1];
186 r20 = r20(1:3,1);
187 r21 = RF2*k;
188

189 % finger #3
190 RF3 = RZ5 cw * RY4f3 cw;
191 DF3 = [RF3 RF3*k; 0 0 0 1];
192 DFM3 = [cos(g3) 0 −sin(g3) −a30*sin(g3);...
193 0 1 0 0;...
194 sin(g3) 0 cos(g3) a30*cos(g3);...
195 0 0 0 1];
196 DM3 = DF3*DFM3;
197 r30 = DM3*[0;0;0;1];
198 r30 = r30(1:3,1);
199 r31 = RF3*k;
200

201 % finger #4
202 RF4 = RZ5 cw * RY4f4 cw;
203 DF4 = [RF4 RF4*k; 0 0 0 1];
204 DFM4 = [cos(g4) 0 −sin(g4) −a40*sin(g4);...
205 0 1 0 0;...
206 sin(g4) 0 cos(g4) a40*cos(g4);...
207 0 0 0 1];
208 DM4 = DF4*DFM4;
209 r40 = DM4*[0;0;0;1];
210 r40 = r40(1:3,1);
211 r41 = RF4*k;
212

213 %finger #5
214 RF5 = RZ5 cw * RY4f5 cw;
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215 DF5 = [RF5 RF5*k; 0 0 0 1];
216 DFM5 = [cos(g5) 0 −sin(g5) −a50*sin(g5);...
217 0 1 0 0;...
218 sin(g5) 0 cos(g5) a50*cos(g5);...
219 0 0 0 1];
220 DM5 = DF5*DFM5;
221 r50 = DM5*[0;0;0;1];
222 r50 = r50(1:3,1);
223 r51 = RF5*k;
224

225 %% Fingertip Coordinates (Points Ti)
226 % Transformation from finger base to finger tip
227 [RX11,RY11,RZ11]=Rotation(theta11,0,0);
228 [RX12,RY12,RZ12]=Rotation(theta12,0,0);
229 [RX13,RY13,RZ13]=Rotation(theta13,0,0);
230 T11=[RX11, RX11*[0; 0; a11]; 0,0,0,1];
231 T12=[RX12, RX12*[0; 0; a12];0,0,0,1];
232 T13=[RX13, RX13*[0; 0; a13];0,0,0,1];
233 T1=T11*T12*T13;
234

235 %% plots
236 palm = [pa ccw'; pb ccw'; pc cw'; pd cw'; pe'];
237 fingers = [r10'; r20'; r30'; r40'; r50'];
238 mcp = [r11'; r21'; r31'; r41'; r51'];
239

240 plot3(palm(:,1),palm(:,2),palm(:,3),'bo')
241 hold on
242 plot3(fingers(:,1),fingers(:,2),fingers(:,3),'ro')
243 plot3(mcp(:,1),mcp(:,2),mcp(:,3),'co')
244

245 plot3(pa ccw(1), pa ccw(2), pa ccw(3),'mx')
246

247 plot3(pb ccw(1), pb ccw(2), pb ccw(3),'bx')
248 plot3(pb cw(1), pb cw(2), pb cw(3),'b+')
249

250 plot3(pc cw(1), pc cw(2), pc cw(3),'cx')
251 plot3(pc ccw(1), pc ccw(2), pc ccw(3),'c+')
252

253 plot3(pd cw(1), pd cw(2), pd cw(3),'gx')
254 plot3(pd ccw(1), pd ccw(2), pd ccw(3),'g+')
255

256 plot3(pe(1), pe(2), pe(3),'rx')
257

258 axis([−2 2 −2 2 −2 2])
259 xlabel('x')
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260 ylabel('y')
261 zlabel('z')
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